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Abstract 
A weakly connected ominating set for a connected graph is a dominating set D of vertices of 
the graph such that the edges not incident o any vertex in D do not separate the graph. This paper 
considers the weakly connected omination umber, 7w, and related omination parameters. It is 
shown that the problem of computing 7w is NP-hard in general but linear for trees. In addition, 
several sharp upper and lower bounds for 7w are obtained. 
I. Introduction and preliminary results 
Throughout his paper G = (V, E)  will be an undirected graph. We begin by recalling 
some standard definitions from domination theory. For any vertex v E V, the open 
neighborhood of v, denoted by No(v), is { u E V ] uv E E }. The closed neighborhood 
of v, denoted by Nc[v], is the set No(v) U {v}. For S C_ V, the open neighborhood 
of S, denoted by No(S),  is Uv~s NG(v), while the closed neighborhood of S, denoted 
by NG[S], is U~cs Nc[v]. The private neighbor set of v with respect o S is given by 
PNG[v,S] = NG[v] - -NG[S-  {v}]. The subscripts G will be omitted when the context 
is clear. 
A set S is an independent set i f  no two vertices in S are adjacent; S is a dominating 
set i f  N[S] = V, or, equivalently, if for every vertex u E V - S, there exists v E S such 
that uv E E. Further, S is a connected ominating set if S is dominating and (S), the 
subgraph induced by S, is connected. The vertex independence number of G, denoted 
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by fl(G), is max{ IS[ [ S is an independent set of G }. The independent domination 
number of G, denoted by i(G), is min{ IS[ [ S is a maximal independent set of G } 
(or, equivalently, min{ IS[ [ S is an independent dominating set of G }). 
The domination umber of G, denoted by 7(G), is rain{ IS] [ S is a dominating set 
of G }, while the upper domination umber of G, denoted by F(G), is max{ IS[ [ S 
is a minimal dominating set of G }. The connected omination umber of G, denoted 
by 7c(G), is rain{ IS[ [ S is a minimal connected ominating set of G }. 
Finally, recall that a vertex cover for G is a set S such that whenever uv C E, then 
u E S or v E S. The vertex covering number of G, denoted by ~0(G), is min{ IS[ [ S is 
a minimal vertex cover of G }, while the upper vertex covering number of G, denoted 
by c~+(G), is max{ [S[IS is a minimal vertex cover of G }. 
It is well known that for any graph G, 7(G) ~< i(G) <~ fl(G) ~ F(G) and 7(G) ~< 
~c(G). 
The purpose of this paper is to develop the properties of a graph domination pa- 
rameter 7w which lies 'between' 7 and 7c, as well as several related parameters. 
These new parameters, the first of which was defined by Grossman in [7], arise 
by weakening the notion of the connectedness of a set of vertices. As is explained 
in [7], the motivation for looking at this interesting concept of weak connected- 
ness comes originally from a long-standing conjecture about a special class of Eu- 
lerian tours in triangulations of the plane, but it has independent appeal, as this 
paper hopes to demonstrate. In particular, we will explore how these new param- 
eters fit into the wealth of computational complexity results in graph domination, 
and we will obtain some bounds on their values. Related results can be found 
in [7]. 
From now on, G----(V,E) will be assumed to be connected, with SC_ V. The sub- 
graph weakly induced by S is the graph (S)w = (N[S],E M (S × N[S])). Notice that 
every edge in (S)w has at least one of its endvertices in S. Furthermore, notice that 
(S)w is the union of the closed stars at the vertices in S, but is in general not the 
graph induced by the closed neighborhoods of vertices in S (because some edges join- 
ing two neighbors of a vertex in S may fail to be present). A set S is a weakly 
connected ominating set of G if S is dominating and (S)w is connected. The weakly 
connected domination umber of G, denoted by 7w(G), is min{ [S[ [ S is a weakly con- 
nected dominating set of G }. The upper weakly connected omination umber of G, 
denoted by Fw(G), is max{ IS[ [ S is a minimal weakly connected ominating set 
of G}. 
It is easy to show by induction on the order of the graph that every connected graph 
has a weakly connected independent dominating set. Hence, we can define the weakly 
connected independent domination umber of G, denoted by iw(G), as min{ IS[ [ S 
is a weakly connected independent dominating set of G }. Similarly, the upper weakly 
connected independent domination umber of G, denoted by /~w(G), is max{ [SI [ S 
is a weakly connected independent dominating set of G }. 
Let P be a property satisfied by some of the subsets of V. A subset of V with (resp., 
without) property P is called a P-set (resp., P-set). A property P is superhereditary if 
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each superset of a P-set is also a P-set. A subset S of  V is called a 1-minimal P-set 
if S has the property P, but S - {v} is a P-set for all v E S. A subset S of  V is called 
a minimal P-set if S has the property P, but all proper subsets of S are P-sets. It is 
proved in [3] that if P is a superhereditary property, then S is a 1-minimal P-set if 
and only if S is a minimal P-set. 
Notice that the property of  being a weakly connected ominating set is a superhered- 
itary property. We are now ready to characterize minimal weakly connected ominating 
sets, or, equivalently, 1-minimal weakly connected ominating sets. 
Proposition 1. Let S be a weakly connected ominating set of a 9raph G. Then S 
is a minimal weakly connected ominating set of G if and only if every vertex v E S 
satisfies at least one of the followin9 two properties: 
Pl: PN[v,S] ¢ 0. 
P2: (S - {V})w is disconnected. 
Proofi Suppose that S is a minimal weakly connected ominating set and let v E S. 
Then S - {v} is not a weakly connected ominating set, so either S - {v} is not a 
dominating set, in which case there is a vertex w that is only dominated by v (i.e., 
w E PN[v,S]), or (S - {V})w is disconnected. Conversely, if S is a weakly connected 
dominating set of  G and each v E S satisfies either P1 or P2, then S is certainly a 
minimal weakly connected ominating set of G. [] 
It follows that every weakly connected independent dominating set of  a connected 
graph G is also a minimal weakly connected ominating set. Therefore, 7w(G) ~< iw(G) 
~< flw(G) ~< Fw(G). Furthermore, since every weakly connected independent dominat- 
ing set is also maximal independent, i(G)<~ iw(G)~< flw(G)~< fl(G). All these in- 
equalities can be strict. Indeed, for the tree T of Fig. 1, we have 7w(T) = 6, i(T) = 8, 
iw(T)- -9,  f lw(T)= 11, Fw(T)= 12, and f l(T)-- 14. On the other hand, the parameter 
pairs i and 7w, fl and Fw, and F and Fw are not comparable, even for trees. To see 
this, define the 'elongated ouble star' T' as follows. Let 1"1 -~ T2 TM Kl,p, p >~ 2, with 
the central vertex of Ti denoted by ui, i = 1,2. Let v and w be two new vertices and 
add edges ulv, vw, and wu2. Then i (T~)=2 and 7w(T ' )=3,  while f l (T ' )=2p+ 1 and 
Fw(T ' )=2p+2.  Hence, i(T ~) < 7w(T') and fl(T ~) < Fw(T'). For the tree T of  Fig. 1, 
we have i(T) > 7w(T) and fl(T) > Fw(T). Since fl(G) = F(G) for bipartite graphs G 
(see [2]), fl(T') = F(T') and fl(T) = F(T). It now follows that the parameters F and 
Fw are incomparable as well. 
Fig. 1. A tree T for which 7w(T) < i(T) < iw(T) < flw(T) < Fw(T) < fl(T). 
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2. Complexity results 
In this section, we show that the problems of computing 7w, iw, flw and Fw are all 
NP-hard. In each case we will state the corresponding decision problem in the standard 
Instance-Question form [6], and indicate the polynomial-time r duction used to prove 
that it is NP-complete. Details are omitted. 
WEAKLY CONNECTED DOMINATING SET (WCDS) 
Instance: A connected graph G and a positive integer f. 
Questton: Does G have a weakly connected ominating set of cardinality at most 
(? 
Theorem 2. WCDS is NP-complete, even for chordal graphs and even for bipartite 
graphs. 
Proof (Outline). The reduction is from EXACT COVER BY 3-SETS (X3C). Given 
an instance X = {xl . . . . .  X3q ) and C = {C1 . . . . .  Cm} of X3C, where Cj C_X and Ifjl =3 
for 1 ~< j ~< m, construct a chordal graph G with vertices for each xi E X and each 
Cj C C, and with edges xiCj for all xi E Cj and edges so that ({C1 . . . . .  Cm}) ~ Kin. 
Let { = q. It is not hard to show that C contains an exact cover if and only if G 
has a weakly connected ominating set of cardinality at most (. Similarly, construct 
a bipartite graph in the same way, except hat rather than adding all the edges CjCj, 
to G, add two new vertices y and y~ and edges yy  and yCj for all j ;  and set E=q+ 1. 
[] 
WEAKLY CONNECTED INDEPENDENT DOMINATING SET (WCIDS) 
Instance: A connected graph G and a positive integer E. 
Question: Does G have a weakly connected independent dominating set of cardi- 
nality at most (? 
Theorem 3. WCIDS is NP-complete. 
Proof (Outline). Here the reduction is from INDEPENDENT DOMINATING SET. 
Given a graph G with vertex set {Xl . . . . .  Xp}, construct he graph G' as follows. For 
i = 1 . . . . .  p, add the set of vertices X,-= {ui, v, wi) and join xi to each vertex of X/. 
Add a new vertex v and join it to every vertex of P Ui=l X/. Lastly, let f = k + 1. Then 
G has an independent dominating set of cardinality at most k if and only if G' has a 
weakly connected independent dominating set of cardinality at most f. [] 
UPPER WEAKLY CONNECTED INDEPENDENT DOMINATING SET (UWCIDS) 
Instance: A connected graph G and a positive integer E. 
Question: Does G have a weakly connected independent dominating set of cardi- 
nality at least f? 
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Theorem 4. UWCIDS & NP-complete. 
Proof (Outline). The reduction is from INDEPENDENT SET. Given a graph G with 
vertex set V(G)= {xl . . . . .  xp}, p ~> 2, form a new graph G ~ as follows. First, for 
each i add a vertex Yi adjacent o xi in G ~. Then attach p2 pendant vertices to each Yi. 
Finally, add a new vertex y and join it to each Yi, and set f = k + p3 + 1. Now G has 
an independent set of cardinality at least k if and only if G' has a weakly connected 
independent dominating set of cardinality at least ¢. 
UPPER WEAKLY CONNECTED DOMINATING SET (UWCDS) 
Instance: A connected graph G and a positive integer {. 
Question: Does G have a minimal weakly connected ominating set of cardinality 
at least {? 
Theorem 5. UWCDS is NP-complete, even for chordal #raphs and even for bipartite 
9raphs. 
Proof (Outline). Again the reduction is from X3C, with notation as in the proof outline 
for Theorem 2. The graph G has vertices for each xi C X and Cj C C. For each i let yi 
and zi be two new vertices and join each of them to the vertex xi. For each j let aj 
and b/ be two new vertices and join each of them to the vertex Cj. Put in all the edges 
x/C/ when xi C Cj. The construction of a chordal G is completed by adding edges so 
that ({C~ . . . . .  Cm}) ~- Kin, and setting { = 2m + 5q. For a bipartite G, add instead two 
new vertices y and y'  and edges yy'  and yCj for all j, and set f = 2m + 5q + I. ~2 
3. Relationships among parameters and algorithmic results 
In this section we will show that there exist linear time algorithms to compute 7w(T) 
and Fw(T) whenever T is a tree and iw(G) and //w(G) whenever G is a connected 
bipartite graph. 
It is easy to see that if G is a connected graph, then 7w(G) ~< 20(G). This inequality 
may be strict: 7w(C3)= 1, while c~0(C3)= 2. But for trees, vertex covers and weakly 
connected ominating sets coincide, because S is such a set if and only if (S)w = T. 
Hence, if T is a tree, then 7w(T)= ~0(T) and Fw( f )= ~(T) .  
Recall that Gallai [5] and McFall and Nowakowski [9], respectively, showed that 
for any graph G of order p, 2o(G) + fl(G) = p and ~g(G) + i(G) = p. We will use 
the following immediate consequence of these equations in Section 4. 
Proposition 6. If" T & a tree of order p, then 7w(T)=p- [ J (T )  and Fw(T)=p- i (T ) .  
Finally, since (as is well known) i and /~ can be computed in linear time for trees, 
7w(T) and f 'w( f )  can be computed in linear time as well. 
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We note that the parameters Fw and ~- are, in general, not comparable. Indeed, if 
G consists of  a 4-cycle, with a pendant edge from each of two consecutive vertices, 
then ~- (G)  = 3 < 4 = Fw(G), whereas / 'w(C3 ) = 1 < 2 = 0~+(C3 ). 
Next let G=(V,E)  be a connected bipartite graph with vertex bipartition V=XU Y 
where IxI ~< ]YI. Then the only weakly connected independent dominating sets of G 
are X and Y, and hence iw(G) = Isl and f lw(G)= IYI. Therefore there exist linear 
algorithms to compute iw(G) and flw(G) in this case. 
4. Bounds 
In this section we establish additional ower and upper bounds on 7w(G) for a con- 
nected graph G. We begin with the following result, which will be useful in establishing 
a sharp lower bound on 7w(G) for a connected graph G. 
Theorem 7. I f  G is a connected graph, then 7w(G) ~< 7c(G) ~< 27w(G) - 1. 
Proof. The first inequality follows trivially. To establish the second, let S1 be a 
weakly connected ominating set of  cardinality 7w(G). I f  H1 -- (S1) is connected, then 
7c(G) ~< 7w(G) ~< 27w(G) -  1 and we are done. Suppose, therefore, that Hi has ml >~ 2 
components. Note that ml ~< IS11--Tw(G). Let ul be an arbitrary vertex of  $1 and let UI 
be the vertex set of  the component of  H1 that contains ul. Let Wl E Sl -- Ul be chosen 
so that d(ul,Wl ) = min{ d(u l ,x )  Ix E S1 --  UI }. Then there exists u~ E U1 and vl ~ $1 
such that u~,vl,wl is a path in (Sl)w. Let $2 =$1 tO {vl}. Note that//2 = ($2) has at 
most ml -  1 components. I f HE is connected, then 7c(G) ~< I&l =~w(a)+ 1 ~< 7w(G)+ 
ml - 1 ~< 7w(G) + 7w(G) - 1 = 27w(G) - 1 and we are done. Suppose, therefore, that 
/-/2 has me >~ 2 components. Let u2 be an arbitrary vertex of  $2 and let U2 be the 
vertex set of the component of  HE that contains u2. Let w2 E $2 - U2 be chosen so that 
d(u2,w2) = min{d(u2,x)  [ xES2 -- U2 }. Then there exists u~ E U2 and v2 ~ $2 such 
that u'2,v2,w2 is a path in (S2)w. Let $3 --$2 tO {v2}. Note that H3 = ($3) has at most 
m2 - 1 components. I f / /3  is connected, then 7c(G) ~< [S3I = 7w(G) + 2 = 7w(G) + 1 + 
1 ~< 7w(G)÷ 1 ÷m2 - 1 ~< ),w(G)+ml - 1 ~< 27w(G) - 1. The desired result is obtained 
by repeating this argument. [] 
Proposition 8. Let  b >1 1 be an &teyer and let r E {0 . . . . .  b - 1 }. Then there exists 
a tree T such that 7w(T)= b and 7¢(T)= b + r. 
Proofi The tree T is constructed as follows. Fix m >/ 1, and let Ti TM Kl,m for i= 1,... ,  b, 
with the central vertex of  Ti denoted by ui. Let v~ . . . . .  Dr be new vertices and add the 
following edges: uil) i and 1)iui+ l for i = 1 . . . . .  r, and uiui+ 1 for i = r + 1 . . . . .  b -  1. 
Then {ul . . . . .  Ub} is a minimum weakly connected ominating set of T, while {Ul . . . . .  
Ub, Vl . . . . .  Vr} is a minimum connected ominating set of  T. Hence, 7w(T)----b and 
7¢(T) = b + r. [] 
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That the upper bound of Theorem 7 is best possible can be seen by taking r = b - 1 
in Proposition 8. 
Hedetniemi and Laskar proved in [8] that if G is a connected graph, then d iam(G) -  
1 ~< 7¢(G). Hence, Idiam(G)/2] ~ 7w(G). This bound is best possible, since 7w(P, )= 
[n/ZJ = [diam(P,)/21. 
We now turn our attention to upper bounds on 7w(G). Hedetniemi and Laskar also 
proved in [8] that if G is a connected graph of order p, then 7c(G) <~ p - A(G). 
Furthermore, they showed that if T is a tree of order p, then 7c(T) = p - A(T)  if 
and only if T is isomorphic to some tree having at most one vertex of  degree greater 
than or equal to 3. As an immediate consequence, we know that yw(G) <~ p - A(G). 
In order to characterize trees T of  order p for which equality holds, define the tree 
T(a, b), where a >~ 1 and 0 ~< b ~< a - 1, as follows. Denote the central vertex of the 
star KLa by x and the endvertices adjacent o x by (X 1 . . . . .  Xa}. Let {yl . . . . .  Yb} be a 
set of b new vertices and join xi to y, for i = 1 . . . . .  b. 
Proposition 9. Let  T be  a tree of  order p. Then 7w(T) = p - A (T )  i f  and only i f  
T ~- T(a, b) for some a and b. 
Proof. Suppose that 7w(T)=p-  A(T). By Proposition 6, 7w(T)=p-  fl(T), so 
f l (T)=A(T) .  Let x be a vertex for which deg(x)=A(T)  and let S=N(x)={x l  . . . . .  xt~r)}. 
If deg(x)= 1, then T ~ T(1,0) and we are done. We henceforth assume that deg(x) ~> 2. 
Since T is a tree, the set S is independent, and since ISI = fl(T), S is a maximal 
independent set. I f  S = V(T) -{x} ,  then T ~ T(p -  l, 0) and we are done. We assume, 
therefore, that S C V(T) - {x}. Notice that every vertex of V(T) - S is adjacent o 
some vertex of S. We now show that deg(xi) ~< 2 for i = 1 . . . . .  fl(T). For suppose that 
deg(xi) ~> 3 for some i E {1 . . . . .  fl(T)} and let {u,v} CN(x i )  - {x}. Then (S - {x,})U 
{u, v} is an independent set of cardinality fl(T) + 1, which is a contradiction. Also, 
if yi EN(xi )  - {x} for i = 1 . . . . .  fl(T), then {Yl . . . . .  y~T),x} is an independent set of  
cardinality f l (T )+ 1, which is a contradiction. This shows that IN(xi) - {x}[ = 1 for 
b <~ A(T) - 1 of the vertices in the set {xl . . . . .  x~(r)}. Setting a = A(T), we see that 
T ~- T(a, b). 
Conversely, suppose that T TM T(a,b). Then yw(T) = 1 + b = p - a = p - A(T). 
Theorem 10. I f  G is a connected graph, then 7(G) ~< 7w(G) ~< 27(G) - 1. 
Proof. The first inequality follows trivially. To establish the second, let S l be a domi- 
nating set of  cardinality 7(G). If H1 = (S l )w  is connected, then 7w(G) ~< 7(G) ~< 27(G) -  
1 and we are done. Suppose, therefore, that Hi has ml >~ 2 components. Note that 
rnl ~< [SI I= 7(G). Let ul be an arbitrary vertex of S1, let UI be the vertex set of the 
component of  H1 that contains Ul, and let W1 = V(G) -  U1. Let Wl E WI be chosen so 
that d(ux,wl )=  min{ d(ul ,x)  I x C W1 }, and let P = Yl, Y2 . . . . .  Yn be a shortest UlWl- 
path. Then Yk E Ul for 1 <~ k < n, but Yn-1 ~ Sl. Furthermore, Wl C Wi --Sl (otherwise 
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wl would be in U~). Thus if we let $2 =S j  U {Yn-1}, then//2 = (S2)w has at most 
ml -- 1 components. The rest of the proof is similar to the proof of Theorem 7 and is 
omitted. [] 
Proposition 11. Let b >~ 1 be an integer and let r E {0 . . . . .  b -  1}. Then there exists 
a tree T such that 7(T)= b and 7w(T)= b + r. 
Proof. The tree T is constructed as follows. Fix m >/ 1 and let Ti TM Kl,m for i = 
1 . . . . .  b, with the central vertex of Ti denoted by ui. Let {l)i, Wi} , i ---- 1,.. . ,r,  be 2r 
new vertices and add the following edges: bliVi, 1)iWi, and Wibli+ 1 for i = 1 . . . . .  r, and 
uiui+ 1 for i = r + 1 . . . . .  b -  1. Then {ul . . . . .  ub} is a minimum dominating set of T, 
while {ul, vl . . . . .  ur, vr, ur+l,u~+2 .. . . .  ub} is a minimum weakly connected ominating 
set of T. Hence, 7(T) = b and 7w(T) = b + r. [] 
That the upper bound of Theorem 10 is best possible can be seen by taking r=b-  1 
in Proposition 1 I. However, the bound 7c(G)~< 47(G) -  3 obtained by combining 
Theorems 7 and 10 is not sharp; Duchet and Meyniel [4] have shown that in fact 
7c(G) ~< 37(G) - 2. 
In contrast o Theorem 10, the difference between i and iw can be made arbitrarily 
large. Indeed, for the elongated ouble star T p constructed at the end of Section l, we 
have i (T')  = 2 and iw(T') = p + 2. 
Let ~F(G) (resp., ~T(G)) denote the maximum number of endvertices in any spanning 
forest (resp., spanning tree) of the graph G. For G a graph of order p, Nieminen 
[10] established that 7 (G)+ ~v(G)= p, and Hedetniemi and Laskar [8] established 
that 7c(G) + ev(G) = p. Now let 7-(G) = { T I T is a spanning tree of G }, and let 
hw(G) = max{ f l(T) I T E T (G)  }. We establish a result similar to these for 7w. 
Theorem 12. I f  G is a connected graph of  order p, then 7w(G) + hw(G) -- p. 
ProoL Notice first that if H is a connected spanning subgraph of G, then 7w(G) ~< 
7w(H). Hence, ?w(G) ~< min{ 7w(T) [ T E T(G)  }. To show that this inequality is in 
fact an equality, let S be any weakly connected ominating set of cardinality 7w(G), 
and let T be any spanning tree of /S)w. Then, clearly, S is a weakly connected 
dominating set of T, so 7w(T)~< 7w(G). Hence, 7w(G)= min{ 7w(T) ] T C 7-(G)}. 
By Proposition 6, 7w(T)=p-  f l(T) for all T E T(G),  so 7w(G)= min{Tw(T) ] 
T E 7-(G) } = min{ p - f l(T) ] T E 7"(G) } = p - max{ f l(T) ] T E 7-(G) } = p - hw(G). 
Hence, 7w(G) + hw(G) -- p. [] 
Ore [11] showed that if G is a graph of order p containing no isolated vertices, 
then 7(G)~< p/2. We establish a similar upper bound on 7w(G) for a connected 
graph G. 
Proposition 13. I f  G is a connected 9raph of  order p, then 7w(G) ~< p/2. 
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Proof. Since fl(T)>~ p/2 for all T C T(G), we have that hw(G)~> p/2. Hence, by 
Theorem 12, 7w(G) = p - hw(G) <~ p - p/2 = p/2. [] 
This bound is best possible, since yw(P2n)= n. As an immediate consequence, we 
have that 7w(G) + 7w(G) ~< p whenever G is a connected graph of order p whose 
complement is also connected. The example of P4 shows that it is best possible, for 
at least one value of p. 
In [1], Allan and Laskar show that if G is a graph of order p without isolated 
vertices, then 7(G) + i(G) <~ p. Analogously, we can show that if G is a connected 
graph of order p, then 7w(G) + flw(G) ~< p. 
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